Some versions of Dieudonné-type convergence and uniform boundedness theorems are proved, for k-triangular and regular lattice group-valued set functions. We use sliding hump techniques and direct methods. We extend earlier results, proved in the real case. Furthermore, we pose some open problems.
(k) We say that (x n ) n is (D)-Cauchy iff there exists a (D)-sequence (b t,l ) t,l in R such that for each ϕ ∈ N N there is n 0 ∈ N with |x n − x q | ≤ ∞ t=1 b t,ϕ(t) whenever n, q ≥ n 0 . (n) If R is a vector lattice, then we say that (x n ) n (r)-converges to x iff there exists u ∈ R, u ≥ 0, such that for every ε > 0 there is n 0 ∈ N with |x n − x| ≤ ε u whenever n ≥ n 0 .
(o) A vector lattice R satisfies property (σ) iff for every sequence (u n ) n of positive elements of R there are a sequence (a n ) n of positive real numbers and an element u ∈ R with a n u n ≤ u for each n ∈ N.
(p) A lattice E of subsets of an infinite set G satisfies property (E) iff for each disjoint sequence (C h ) h in E there is a subsequence (C hr ) r , such that E contains the σ-algebra generated by the sets C hr , r ∈ N (see also [43] ).
Remark 2.2 Note that every Dedekind complete lattice group is both (O)-and (D)-complete. Moreover, observe that every (O)-convergent sequence is also (D)-convergent to the same limit in any lattice group, while the converse is true if and only if the involved ( )-group is weakly σ-distributive.
Furthermore, it is known that every (r)-convergent sequence in any vector lattice is (O)-convergent too (see also [28, 47] ). The converse, in general, is not true. 1] , with the identification of λ-null sets, and 2.3.1) for every subsequence (x nq ) q of (x n ) n there is a sub-subsequence (x nq r ) r , convergent to x with respect to a single (D)-sequence (a t,l ) t,l .
Then (D) lim n x n = x with respect to (a t,l ) t,l .
Proof: Suppose by contradiction that there are ϕ ∈ N N and a strictly increasing sequence (n q ) q with |x nq − x| ≤ ∞ t=1 a t,ϕ(t) for each q ∈ N. Thus any subsequence of (x nq ) q does not (D)-converge to x with respect to (a t,l ) t,l , obtaining a contradiction with 2.3.1). 2 We now recall the Fremlin lemma, by means of which it is possible to replace a sequence of regulators with a single (D)-sequence, and which will be fundamental in the sequel, to prove our main results, because it has the same role as the ε 2 n -argument. This is one of the reason for which we often prefer to deal with (D)-convergence rather than (O)-convergence. t,l ) t,l , n ∈ N, be a sequence of regulators in R. Then for every u ∈ R, u ≥ 0 there is a (D)-sequence (a t,l ) t,l in R with
a t,ϕ(t) for every q ∈ N and ϕ ∈ N N .
We now deal with the main properties of k-triangular lattice group-valued set functions. Let R be a Dedekind complete and weakly σ-distributive lattice group, G be an infinite set, L ⊂ P(G) be an algebra, m : L → R be a bounded set function and k be a fixed positive integer.
Definitions 2.6 (a) The semivariation of m is defined by setting
If E ⊂ L is a lattice, then we put
The set function v E (m) is called the semivariation of m with respect to E.
and
(d) We say that the set functions m j : L → R are E-uniformly (s)-bounded iff there exists a (D)-sequence (a t,l ) t,l such that, for every disjoint sequence (C h ) h in E,
with respect to (a t,l ) t,l . The m j 's are uniformly (s)-bounded iff they are L-uniformly (s)-bounded.
(f) We say that the set functions m j : L → R, j ∈ N, are equibounded on L iff there is u ∈ R with |m j (A)| ≤ u for every j ∈ N and A ⊂ L.
Now we recall the following
Proposition 2.8 (see also [23, Proposition 2.7] ) Let m : L → R be a k-triangular set function. Then for every n ∈ N, n ≥ 2, and for every pairwise disjoint sets
and in particular
We now turn to regular lattice group-valued set functions.
Definition 2.9 Let G, H be two sublattices of L, such that G is closed under countable unions, and the complement of every element of H belongs to G. A set function m : L → R is said to be regular iff there exists a (D)-sequence (a t,l ) t,l such that 2.9.1) for every E ∈ L there are two sequences (V n ) n in G and (K n ) n in H with V n ⊃ E ⊃ K n for each n ∈ N and such that for any ϕ ∈ N N there exists n 0 ∈ N with
whenever n ≥ n 0 , and 2.9.2) for every W ∈ H there are two sequences (G n ) n in G and (F n ) n in H with W ⊂ F n+1 ⊂ G n ⊂ F n for every n ∈ N, and such that for each ϕ ∈ N N there is n * ∈ N with
whenever n ≥ n * .
We now prove the following property of regular set functions. I n = ∅, with respect to a single regulator independent of the choice of (I n ) n .
Proof: Let (I n ) n be as in (5) . Let (a t,l ) t,l be a (D)-sequence satisfying 2.9.1). For every n ∈ N there is K n ∈ H with K n ⊂ I n and m(
. By virtue of Lemma 2.5, there is a
O i , and hence
taking into account (3), we have
(see also [38, Lemma 1] ). Thus the assertion follows. 2
Remark 2.11
Observe that, if L is an algebra with property (E) and m : L → R is positive, increasing and satisfies (5), then m is also (s)-bounded (with respect to a single regulator). To prove this, let (A n ) n be any disjoint sequence in L and (B n ) n be any subsequence of (A n ) n . By property (E), there is a subsequence (C n ) n of (B n ) n , such that n∈P C n ∈ L for every P ⊂ N. Since m is increasing and m(∅) = 0, we get
From (5) and (7) we get (O) lim n m(C n ) = 0 with respect to a single regulator (independent of (A n ) n , (B n ) n and (C n ) n ). By arbitrariness of the sequence (B n ) n and Proposition 2. (5), then we get
The following proposition will be useful in proving our Dieudonné convergence theorem (see also [10,
Proposition 2.13 With the same notations and assumptions as above, let m : L → R be a regular and k-triangular set function. Then for each V ∈ G we get
Proof: Pick arbitrarily V ∈ G, and let (γ t,l ) t,l be a (D)-sequence related to regularity of m. Choose B ∈ L with B ⊂ V , and fix arbitrarily ϕ ∈ N N . By regularity of m,
Let U := O ∩ V , then U ⊃ B. From (9) and k-triangularity of m we get
Taking in (10) the supremum as B ∈ L, B ⊂ V , we obtain
From (11) and weak σ-distributivity of R we deduce
Since the converse inequality is straightforward, then (8) follows from (12) . This ends the proof. 2 Definition 2.14 A sequence m j : L → R, j ∈ N, of set functions is said to be (RD)-regular on L iff there is a (D)-sequence (a t,l ) t,l such that 2.14.1) for every E ∈ L there are two sequences (V n ) n in G and (K n ) n in H such that for every
a t,ϕ(t) for every n ≥ n 0 , and
We now recall the following Proposition 2.15 (see also [10, Proposition 2.6]) Let R be any Dedekind complete and weakly σ-distributive lattice group, and m j : L → R, j ∈ N, be a sequence of regular equibounded set functions.
Then they satisfy 2.14.1) and the following property:
2.15.1) there exists a regulator (β t,l ) t,l such that for every W ∈ H there are two sequences (G n ) n in G and (F n ) n in H, with W ⊂ F n+1 ⊂ G n ⊂ F n for every n ∈ N and such that for each ϕ ∈ N N and j ∈ N there is n * ∈ N with
for every n ≥ n * .
Definition 2.16 Let L, G, H be as in Definition 2.9. The set functions m j : L → R, j ∈ N, are uniformly regular iff there exists a (D)-sequence (a t,l ) t,l such that 2.16.1) for each E ∈ L there exist two sequences (V n ) n in G and (K n ) n in H with V n ⊃ E ⊃ K n for every n ∈ N and such that for each ϕ ∈ N N there exists n 0 ∈ N with
for all n ≥ n 0 , and 2.16.2) for any W ∈ H there are two sequences (G n ) n in G and (F n ) n in H with W ⊂ F n+1 ⊂ G n ⊂ F n for each n ∈ N, and such that for every ϕ ∈ N N there exists n * ∈ N with
The main results
In this section we prove a Dieudonné convergence-type theorem and a Dieudonné-Nikodým boundedness theorem for regular and k-triangular lattice group-valued set functions. Let R be a Dedekind complete and weakly σ-distributive lattice group. We begin with recalling the following BrooksJewett-type theorem for k-triangular set functions. The following technical lemma will be useful in the sequel. Proof: Let (H n ) n be a disjoint sequence of elements of L, (a t,l ) t,l be a (D)-sequence, satisfying 2.14.1), u = j∈N,A∈L m j (A), and according to Lemma 2.5, let (b t,l ) t,l be a regulator in R, with
Let (c t,l ) t,l be a (D)-sequence associated with G-uniform (s)-boundedness, and set d t,l = (k + 1)(b t,l + c t,l ), e t,l = (k + 1)(a t,l + d t,l ), for every t, l ∈ N. We prove that the m j 's are L-uniformly (s)-bounded with respect to the regulator (e t,l ) t,l . Otherwise, there is ϕ ∈ N N with the property that for every h ∈ N there are j h , n h ∈ N with n h ≥ h and B h ∈ L with B h ⊂ H n h and
By 2.14.1), for every h ∈ N there is A h ∈ H, A h ⊂ B h , with
From (15) and (16) it follows that
otherwise, thanks to k-triangularity of m j h , we should get
which contradicts (15) . Moreover, observe that from 2.14.1), in correspondence with ϕ, for every h
F r , h ≥ 2. Since the G * h 's are disjoint elements of G, then, thanks to G-uniform (s)-boundedness and taking into account Proposition 2.13, we find a positive
whenever h ≥ h 0 . Since for every h we get 
3.4.2).
Choose arbitrarily E ∈ L, and let (y t,l ) t,l be a (D)-sequence associated with uniform
y t,ϕ(t) for every j ∈ N. Moreover, in correspondence with U there is j 0 ∈ N with
for every j ≥ j 0 and p ∈ N, where (α t,l ) t,l is a regulator related to (D)-convergence on G. By k-triangularity of m j and m j+p we get
and hence
for every j ≥ j 0 and p ∈ N. From (18) it follows that the sequence (m j (E)) j is (D)-Cauchy in R.
Since R is a Dedekind complete lattice group, then the sequence (m j (E)) j is (D)-convergent, with respect to a regulator independent of E (see also [7, 28] ). Thus 3.4.2) is proved.
3.4.3). Straightforward. 2
The next step is to prove a uniform boundedness theorem for k-triangular regular lattice groupvalued set functions. We begin with the following result, which extends [11, Proposition 4.5].
Proposition 3.5 Let m h : L → R, h ∈ N, be a sequence of k-triangular set functions, and let (t n ) n be an increasing sequence of positive elements of R. Suppose also that 3.5.1) for every disjoint sequence (H j ) j in L, the set {m h (H j ): h, j ∈ N} is bounded by (t n ) n .
Then the set {m h (A) : h ∈ N, A ∈ L} is bounded in R.
Proof: First of all observe that, thanks to 3.5.1), for every fixed element A ∈ L there is n = n(A) ∈ N with 0 ≤ m h (A) ≤ t n(A) for every h ∈ N. We now prove that the set {m h (A) : h ∈ N, A ∈ L} is bounded by the sequence ((k +1)t n ) n . Suppose, by contradiction, that this is not true. By hypothesis, there is n 1 ∈ N such that m h (G) ≤ t n 1 for all h. Moreover, there exist A 1 ∈ L and h 1 ∈ N such that m h 1 (A 1 ) ≤ (k + 1)t n 1 . We have also m h 1 (G \ A 1 ) ≤ t n 1 : otherwise, by k-triangularity of m h 1 and (4) used with q = 2,
It is not difficult to check that either {m
h ∈ N} (or both, possibly) is not bounded in R: otherwise, if
A ∈ L, h ∈ N}, then, thanks to triangularity of the m h 's, we have
for each A ∈ L and h ∈ N, and hence the set {m h (A): A ∈ L, h ∈ N} is bounded in R, getting a contradiction. In the first case, set
Now we use the same argument as above, by replacing G by C 1 : so we find a set
is bounded, set D 2 := C 1 \ C 2 , and let us repeat the same argument as above. Proceeding by induction, we find a disjoint sequence (D j ) j and two strictly increasing sequences (n j ) j , (h j ) j in N with m h j (D j ) ≤ t n j for every j ∈ N, obtaining a contradiction with 3.5.1). This ends the proof. 2
We now turn to our main uniform boundedness theorem for regular and k-triangular lattice groupvalued set functions, which extends [11, Theorem 4.6] .
Theorem 3.6 Let m j : L → R, j ∈ N, be a (RD)-regular sequence of k-triangular set functions, and suppose that there is an increasing sequence (t n ) n of positive elements of R such that for every U ∈ G the set {m j (U ): j ∈ N} is bounded by (t n ) n .
Then the set {m j (E) : j ∈ N, E ∈ L} is bounded in R.
Proof: Let (a t,l ) t,l be a (D)-sequence, according to 2.14.1) and 2.14.2), and choose arbitrarily E ∈ L.
By 2.14.1), there is U ∈ G,
a t,l for every j ∈ N. For each n ∈ N put w n := t n + ∞ t,l=1 a t,l . Taking into account k-triangularity of m j , in correspondence with U there is n ∈ N with
for every j ∈ N. Thus the set {m j (E) : j ∈ N} is bounded by the sequence (w n ) n .
By virtue of Proposition 3.5, it will be enough to prove that, for every disjoint sequence (H n ) n in L, the set {m j (H n ): j, n ∈ N} is bounded by the sequence (y n ) n , where y n = k n w n , n ∈ N.
Proceeding by contradiction, assume that there is a disjoint sequence (H n ) n in L, such that the set {m j (H n ): j, n ∈ N} is not bounded by (y n ) n . For each n there are i(n), h(n) ∈ N with
By passing to suitable subsequences, we can assume that
By 2.14.2), for each n ∈ N there exists a set O n ∈ G with
with respect to (a t,l ) t,l , and hence there is an integer n 1 > 1 with
otherwise, by k-triangularity of m 1 and (4) used with q = 2, E 1 = H 1 , E 2 = E, we have
which contradicts (20) . Let j 2 > n 1 be an integer such that
By 2.14.2) there is an integer n 2 > j 2 such that m
otherwise, by k-triangularity of m j 2 and (4) used with q = 3,
which contradicts (20) . Let j 3 > n 2 be an integer such that
By 2.14.2), in correspondence with m j 3 there is n 3 > j 3 with m j 3 (E) ≤ ∞ t,l=1
For such E's we have
otherwise, by k-triangularity of m j 3 and (4) used with q = 4,
we get
which contradicts (20) . Proceeding by induction, it is possible to construct two strictly increasing
H j h . Note that H ∈ G and m j h (H) ≤ w j h for every h ∈ N. But the set {m h (H) : h ∈ N} is bounded by the sequence (w n ) n , and so we get a contradiction. This ends the proof. 2
We now give an example of (RD)-regular sequence. 
where U 1 denotes the topological closure of U 1 in G. Analogously, we can associate to W and
Proceeding by induction, we construct a decreasing
Since the sequence (V n ) n satisfies 2.9.1), it is not difficult to see that the sequences (U n ) n and (U n ) n fulfil 2.9.2).
Let m j : L → R, j ∈ N, be a sequence of k-triangular and regular set functions. We will prove that (m j ) j satisfies 2.14.1) and 2.14.2). Since in L 0 the (r)-, (O)-and (D)-convergences coincide (see Remark 2.2), then for every j ∈ N there exists u j ∈ R, u j ≥ 0, such that for every E ∈ L there are two sequences (V
n for each n and such that for every ε > 0 there is a positive integer n 0 = n 0 (ε, j, E) with
For every n ∈ N, set V n :=
n : note that V n ∈ G, K n ∈ H and V n ⊃ E ⊃ K n for every n. Since R satisfies property (σ), in correspondence with the sequence (u j ) j there exist a sequence (a j ) j of positive real numbers and an element u ∈ R, u ≥ 0, with 0 ≤ a j u j ≤ u for every j ∈ N. Note that u does not depend on the choice of E ∈ L. For every ε > 0, j ∈ N and E ∈ L, let n * = n * (ε, j, E) = n 0 (ε a j , j, E), where n 0 is as in (22) . We get
for each n ≥ n * . If we take σ p = 1 p u, p ∈ N, then it is not difficult to check that 2.14.1) is satisfied.
We now prove 2.14.2). Choose any disjoint sequence (H n ) n in L and let u be as in (23) . In correspondence with j, n ∈ N and 1 k 2 n+j+1 set O n . Note that O n ∈ G, F n ∈ H and O n ⊃ H n ⊃ F n for each n. Moreover, from (23) we get
Now, for each n ∈ N set U n := ∞ i=n O i , C n := ∞ i=n F i . Since the sequence (H n ) n is disjoint and F n ⊂ H n for every n ∈ N, then C n = ∅ for every n ∈ N. Taking into account (7), from (24) we get The following example shows that, in Theorem 3.5, in general the condition 3.5.1) cannot be replaced by the boundedness of the set {m j (U ) : j ∈ N}. [28, 45, 47] ). For every n ∈ N and E ∈ B set m n (E) = (µ 1 (E), . . . , µ n (E), 0, . . . , 0, . . .), where µ n (E) = E sin(n π x) dx. It is known (see [45] ) that every m n is a σ-additive measure and the set {m n (E) : n ∈ N} is bounded in c 0 for every E ∈ B. However, it is not possible to find a positive increasing sequence (t n ) n satisfying the hypothesis of Theorem 3.6, since sup{µ n (A) : A ∈ B} = 1 for each n. Moreover, from this it follows that the set {m n (E) : n ∈ N, E ∈ B} is not bounded in c 0 .
Open problems: (a) Prove similar results with respect to other kinds of (s)-boundedness, boundedness and/or convergence, and relatively to different types of variations in the setting of non-additive lattice-group valued set functions (see also [22, 40] ).
(b) Find some other conditions under which 2.14.1) and/or 2.14.2) hold.
